We evaluate the finite 1-loop threshold corrections, proportional to tanβ, to the down quark mass matrix. These result in corrections to down quark masses and to Cabibbo-Kobayashi-Maskawa [CKM] matrix elements. The corrections to CKM matrix elements are the novel feature of this paper. For grand unified theories with large tan β these corrections may significantly alter the low energy predictions of four of the CKM matrix elements and the Jarlskog parameter J, a measure of CP violation. The angles α, β and γ of the unitarity triangle and the ratio | V ub V cb |, however, are not corrected to this order. We also discuss these corrections in the light of recent models for fermion masses. Here the corrections may be useful in selecting among the * On leave of absence from the Dept. of Theoretical Physics, Comenius Univ., Bratislava, Slovakia † Supported in part by DOE grant -DOE/ER/01545-646. ‡ Supported in part by the Polish Committee for Scientific Research and by the EU grant "Flavourdynamnics." various models. Moreover, if one model fits the data, it will only do so for a particular range of SUSY parameters.
Introduction
Minimal supersymmetric [SUSY] grand unified theories [GUTs] based on the gauge group SO(10) require tanβ (the ratio of the vacuum expactation values of the two Higgs scalar doublets present in the low energy theory) to be of order M top /M bottom ≈ 50. This follows from the unification of the top, bottom and tau Yukawa couplings at the GUT scale, M GU T , and the necessity to fit the large top to bottom mass ratio at the weak scale [1] . Recent results using a general SO(10) operator analysis for fermion masses and mixing angles seem to be in significant agreement with experiment [2] . It was shown in [3, 4, 5] , however, that there are potentially large finite 1-loop corrections (proportional to tanβ) to the masses of the down-type quarks at the supersymmetric threshold. Note, these corrections were not included in the analysis of ref. [2] . They may be as large as several tens of per cent dependent on the sparticle spectrum [4] . Thus they must be included when analyzing any SUSY theory with large tan β. In this paper we emphasize that the non-diagonal elements of the down quark mass matrix also get potentially large corrections; thus leading to significant corrections to some CKM matrix elements and the Jarlskog parameter J. Our main results are given in equations (9), (16)-(18) and (22) (or in approximate form in eqns. (25) and (28)). Note, the Cabibbo angle and the CP violating angles α, β and γ are not significantly corrected to this order. with ǫ = 1 16π 2 tanβ and
Uncorrected mass and mixing matrices are labeled by a "0" superscript. The 6 × 3 dimensional matrices Γ qL and Γ qR (q = u, d) correspond to the additional transformations necessary to diagonalize squark mass matrices in a SUSY basis where quark mass matrices are diagonalized. Expressions for the Γ ′ s are rather complex since they involve the summation over the six-dimensional squark space. It has to be stressed though, that despite the explicit tanβ term in the denominator of (2) and a similar (
, there will not be any actual tanβ suppression in the elements of the Γ's. In the interaction basis (see the Feynman diagrams Fig.1a ,b,c) one can easily recognize the R− L mixings among squarks in the loop and the mass insertions or mixings on the fermionic line in the diagram. Since each of these mixings and mass insertions introduces a tanβ unsuppressed quantity, the result represents a tanβ unsuppressed correction. This correction is significant since it corrects a tanβ suppressed mass matrix. To emphasize this fact the large Higgs vev ratio was pulled out into the ǫ's in (1). As a net effect, one can expect (at least some) terms in the Γ ′ s to be of order (0.1 − 1). These terms are then enhanced by a factor of tanβ (multiplying a standard small loop factor (16π 2 ) −1 in our definition of ǫ) and thus lead to significant mass matrix corrections.
Concentrating on the above mentionned diagrams one has to mention that there are also neutralino diagrams which contribute by finite O(tanβ) terms to the d quark mass matrix. However, we have checked that (assuming degenerate gauginos at M GU T ) these contributions are less than the leading gluino corrections roughly by a factor 16, as a result of smaller couplings, gaugino masses and group factors. Therefore these diagrams will not be discussed separately in this paper although they are included in our numerical analysis in section 4 where we discuss their effects.
In order to gain some intuition for the Γ ′ s one can find an explicit form for them in the following approximation. First, neglect the second chargino diagram (Fig.1c) , since it is suppressed by a smaller coupling constant compared to the diagrams in Fig.1a and Fig.1b . Then in the evaluation of the remaining two diagrams assume that squark mass matrices are diagonalized in generation space by the same rotations as the corresponding quark matrices. This approximation is valid assuming universal scalar masses and trilinear scalar interactions proportional to Yukawa interactions at the low energy SUSY scale.
That means that in this approximation the matrices Γ qL and Γ qR , (q = d, u) are diagonal in generation space and are not completely trivial only because of the mixing between squarks of the same generation. The integrals in (2) and (3) are then easy to do along with the summation over α = 1, · · · , 6 , i.e. over the squark mass eigenstates. The Γ ′ s are then proportional to the off-diagonal term of the down (up) squark mass matrix for each individual generation separately. We find
with the function I 3 given by
.
Terms suppressed by tanβ have been neglected in these expressions. In this approximation both Γ matrices are diagonal which makes calculations of the corrections to the masses and mixing angles in terms of mass eigenstates simple. Besides that, note the large hierarchy in Γ u , and a much milder hierarchy in Γ d based just on the non-equality of the squark masses. Note, if Γ d were completely proportional to the identity matrix (i.e. the case of complete squark degeneracy), the gluino loop would not contribute to quark mixing corrections at all ¶ . One knows though, that the approximation used to derive (4) and (5) is not correct. The initial conditions at M GU T need not be universal and, even if they were, squark masses and trilinear couplings run between the GUT (or ¶ Also note that the same analysis could be done for the corrections to the up quark mass matrix and the above mentioned approximation would show that the relevant Γ matrices (analogous to (4) and (5) ) become suppressed by tanβ after the up (instead of down) quark mass matrix is pulled out of the expression analogous to (1). Thus in this case there are no corrections proportional to tan β. There are however corrections to charged lepton masses proportional to tan β. These are smaller than those for down quarks but are still significant and must be included in any fermion mass analysis. string) and the low energy SUSY scales and violate our assumptions. As a result the explicit form of the potentially significant (i.e. tanβ unsuppressed) elements in the Γ's is clouded by the fact that they no longer remain diagonal in generation space. In order to evaluate these effects we have performed a numerical analysis. The results are found in Section 4. We also show that our naive approximation, equations (4, 5) , when suitably modified to take into account non-universal squark masses gives results which agree to within 25% with the two-loop numerical analysis.
In order to figure out the explicit form of the 1-loop threshold corrections to the CKM matrix elements as well as to quark masses in terms of the Γ matrix elements one can define an unknown hermitian matrix B as
is the matrix diagonalizing down quarks in the absence of the SUSY corrections. Since there are no large ( i.e. O(tanβ) ) corrections to the up quark mass matrix
B is determined through the diagonalization condition
where both V L d and m d on the r.h.s. are to be expanded to first order in ǫ according to (6) and (1).
Corrections to Down Quark Masses
Diagonal elements of this matrix equation (8) 
This is an exact formula where the effects of squark rotations are fully included in the Γ's. Since the Γ u matrix has some generation hierarchy (for more discussion on this see Section 4) due to the Yukawa couplings in the chargino loop the dominant correction from the chargino diagram goes to the b quark mass correction:
The suppression in the second term above is caused by the hierarchies present in (9) . The largest next-to-leading correction indicated above results, for example, from the term (V
) 33 where two orders come from V * cb and at least one order from Γ u 32 .
Note that the corrections to the masses of the s and d quarks can easily be as significant, or even larger than the correction to the b quark mass. While the gluino correction (which is the largest correction to each quark mass) to the b quark mass is larger due to the smaller b squark masses (in a universallike scenario where one starts with all soft squark masses equal at the GUT scale), the chargino correction may invert the net effect since it is always of opposite sign to the gluino correction and its contribution to the two lighter quarks is small.
Corrections to CKM Matrix Elements
The non-diagonal equations, i.e. those with zeros on the l.h.s. of the matrix equation (8) , lead to
where ij indices correspond to the 12, 13 or 23 combinations and the transposed elements ( for i > j ) are obtained by the hermiticity of B. The diagonal elements of B remain undetermined by this procedure but to the first order in the ǫ-expansion they can be removed by phase redefinitions of the b, s and d fields. We thus set the diagonal elements of B to zero. Then from (7) we can easily derive
Zero superscripts are dropped from now on since they make no difference in the following expressions.
As already mentioned, the numerical analysis shows that both Γ u and Γ d matrices keep track of the generation hierarchy from the Yukawa sector with the 33 element of the order of 0.1-1 and the relevant 12, 13 and 23 elements of small magnitude. Together with the hierarchy in the CKM matrix this implies that in each of the previous equations the dominant correction is the one containing the Γ u 33 term. However the corrections due to the other terms are non-neglible resulting in a 25% effect. Thus a good approximation to the exact results of equations (12) - (15) is given by (for more detail, see Section 4)
The results of equations (17) and (18) follow directly from the unitarity of the CKM matrix and the fact that these are the only terms which receive significant corrections.
Note that as a consequence the ratio V ub /V cb remains unchanged. In addition the numerical analysis shows that ReΓ u 33 ≫ ImΓ u 33 thus these dominant corrections to the CKM elements are equal in magnitude, but opposite in sign, to the chargino corrections to the b quark mass, eq.(10).
The other five CKM elements get the corrections of the form similar to (12) -(15). However, large Γ elements are always in the product with a small CKM matrix element, and the terms containing large diagonal CKM matrix elements are in the same way pushed down by small Γ elements in these corrections. Hence the actual numerical values of the corrections to V ud , V us , V cd , V cs and V tb are not significant, at least not at the present level of experimental accuracy. As an example, the dominant correction to, let's say V us goes like
CP Violating Parameters
The Jarskog parameter which measures CP violation can be obtained from the four CKM-matrix elements left after crossing out any row and any column of this matrix [8] :
Consider the product
Using the formula (16) and (18) from the previous section it is easy to obtain the leading correction
This threshold correction to J may significantly alter the prediction for ǫ K in SUSY GUT models with large tanβ. Note, it is not obvious how this result is obtained for other equivalent definitions of J. For example, at first glance one might guess that δJ ≈ 0 for J defined by
. However, such a guess does not take into account that we have the imaginary part of the product in (20) and imaginary parts are small for every CKM matrix element, even if its absolute value is close to one. In this case the small corrections to the large CKM matrix elements become important and, in fact, it is corrections to V cs and V us that lead to the result (22).
Finally, we note that although J changes, the angles of the unitarity triangle remain uncorrected to this order. This is easily understood from a geometrical point of view. For the "standard" choice of its sides -| V ud V * ub |, | V cd V * cb | and | V td V * tb | -each side contains one element which gets a significant correction and (as a consequence of the unitarity of the CKM matrix discussed earlier) these corrections are identical in magnitude (see (16) and (18)). Hence, the sides are contracted (or stretched) by the same multiplicative factor and the angles stay the same. The area of the triangle gets corrected, of course, twice as much as the sides, and that is the reason for the factor of two in (22) (recall that J measures the area of the triangle).
Numerical Analysis and Conclusions
In our numerical analysis we took the initial conditions (values at the GUT scale) for the dimensionless couplings from the SO(10) models [2] which give predictions for the low energy data in good agreement with experiment. The initial values for the dimensionful soft SUSY breaking parameters were taken from ref. [4, 12] in order to guarantee the radiative electroweak symmetry breaking at the weak scale. We focused mainly on simple non-universal cases. The numerical results presented below were obtained for m
and all other scalar masses equal m 2 0 . Next, we used 2-loop renormalization group equations [10] to run all the couplings and mass parameters to the low energy scale. Leading corrections to the CKM matrix elements have appeared practically independent of the exact value of the low energy SUSY scale between M Z and 500 GeV (changes were within 1% of the mass or the CKM element in question). In the actual numerical analysis the Γ-matrices have been evaluated according to the following formulae (note that there are no divergent pieces from the integrals in (2) and (3) and that the chargino summation is easy to do) :
M 2 is the wino mass parameter and terms suppressed by tanβ were dropped. The summation is only over α = 1, ...6 (there's no summation over i, j on the r.h.s. of these equations). This summation could be done analytically in terms of the mass eigenvalues, however the expressions are long and don't provide much insight, so we keep rather the compact forms above. Typical values for these matrices at the weak scale follow - and δJ/J = 16.6%. As we discussed earlier the approximation of retaining only the Γ u 33 term in equation (16) does not work extremely well since it predicts an 11.6% correction. However, this leading correction is then lowered by about 1.5% coming from the Γ d term in (12)- (15) and by additional 2% from the subleading Γ u terms. V ud , V us , V cd , V cs and V tb get a relative correction less than 1%, e.g. δV us /V us = 0.01%. Similarly, the corrections to the angles α, β and γ of the unitarity triangle are much below 1%. Neutralino corrections have been included in the above numerical analysis. Their effects are as follows: the b mass is reduced by 1.6% and the masses of s and d are reduced by 1.3%. Integrating out neutralinos has less than a 1% impact on the CKM elements and CP violating parameter, J.
We would like to emphasize that such corrections are generic for a large subspace of the allowed parameter space.
Approximate Formulae for Mass and Mixing Angle Corrections
In eqns. (4) and (5), we presented the results of a naive approximation which assumes that squark mass matrices are diagonalized in generation space by the same rotations as the corresponding quark matrices. This approximation is valid in the case of universal scalar masses and trilinear scalar interactions proportional to Yukawa interactions when, in addition, one also neglects the renomalization group running from M G to the low energy SUSY scale. If one now includes the effect of RG running, quark and squark mass matrices can no longer be diagonalized in generation space by the same unitary transformations and the A parameters are no longer universal. We have checked that a simple approximation for the corrections to down quark masses and the CKM matrix elements (valid to 25%) can be obtained by using the results of eqns. (4) and (5) with the values of squark and gluino masses obtained by RG running as input and by replacing A 0 with A t (for the third generation) and the chargino mass with the low energy value of µ. This approximation has been widely used in the previous papers [3, 5, 4, 12, 13] where large bottom mass corrections have been recognized. In particular, in this improved approximation
The analogous corrections for CKM matrix elements, also valid to about 25%, are given by
whereǫ b2 is defined in the eq.(27). An important feature of the b quark mass correction is that the gluino and chargino contributions are of the opposite signs and thus there is a partial cancellation between them. This effect with its consequences has been carefully studied in [4, 12, 13] . In these papers it was shown that the magnitude of the gluino contribution is always two to three times larger than the chargino contribution and can be as large as 50% for universal scalar masses at M G . For non-universal scalar masses the corrections can be smaller.
Consequences for Models of Fermion Masses
It is interesting to see what effect these corrections have for recent models of fermion masses and mixing angles. In the model of ref. [14] the value of | V cb | is of order .054. This is large compared to the latest experimental values. In this model, tanβ can be either small or large. We would have to be in the large tanβ regime for these corrections to be significant. In addition consider models 4,6 and 9 of ref. [2] . In these models tanβ is expected to be large. Recall that the model independent experimental value of | V cb | is 0.040 ± 0.003 according to [6] or 0.040 ± 0.005 based on [7] . For models 6 and 9, the predicted value of V cb ∼ .048 − .052 is at the upper end of the experimentally allowed range. For all these models we would choose µMg < 0 so that the chargino correction to the b quark mass is positive and hence δV cb /V cb < 0. As a consequence the gluino correction is negative which gives δm b < 0. This has the effect of decreasing the prediction for m t , since a smaller top Yukawa coupling is now needed to fit the experimental ratio m b /m τ . These corrections apparently improve the predictions of the above models. However, the corrections to the strange and down quark masses, which are equal and negative, may be a problem since both ratios m u /m d and m s /m d were rather large and now the first one gets even bigger while the second one stays the same. This problem is exacerbated by the fact that the authors in [13] For model 4 of ref. [2] however the situation may be better. In this model | V cb | is acceptably small (V cb ∼ .038 − .044). However J is too small and thus the bag constant, B K , needed to fit ǫ K is too large, i.e. greater than 1. In this case we need δJ/J > 0. This would also increase | V cb | by half as much, which may be acceptable. In this case the chargino correction to the b quark mass is negative. Finally the b → sγ decay rate and the cosmological constraint can be satisfied [13] .
Note that in either scenario the angles α, β and γ of the unitarity triangle and the ratio V ub /V cb remain unchanged. These correlations of quark mass and mixing angle predictions with the sign of µMg are very intriguing, especially since this sign may be determined independently once SUSY particles are observed. In a particular model the allowed maximal corrections to masses and mixing angles may represent new constraints on the magnitude and sign of the SUSY parameters.
In summary, finite SUSY corrections to the masses of the down-type quarks may be significant in the limit of large tanβ. In this paper we have shown that the CKM matrix elements V cb , V ub , V ts and V td receive similar corrections, while the correction to the Jarlskog parameter is enhanced by a factor of two. The other elements of the CKM matrix and the angles of the unitarity triangle receive only small corrections, down by a factor tanβ or suppressed by the generation hierarchy present in Yukawa, CKM or Γ matrices. 
i) gluino diagram
Using Dirac notation the quark-squark-gluino interaction, relevant for this paper, reads
The squark interaction eigenstates are turned into the mass eigenstates according tod
As indicated in these equations, the V matrices rotate squarks the same way as they do with quarks. The additional rotations are then performed by the 6x3 matrices Γ dL,R . Rules for the Feynman diagrams using this notation can be found in [11] . Note that the indices i, j,... denote generation indices 1,2,3 , the greek letters denote squark indices 1 to 6 and that the implicit summation over the repeating indices is assumed. Diagram with the gluino and d-type squarks in the loop contributes to the quark self-energy matrix (amputated two-point function) as :
Only the term with the two right-handed projectors corrects the mass matrix.
The term indicated as P L ...P L contains similar corrections to m † . To get to the formula (1) in the text one performs the rotation to Euclidean space and integrates out angular variables. The integral measure dk in (2) stands for k 2 d(k 2 ) and the integration limits are assumed to be zero and infinity. Note that in the main text m 0 d was appended to these equations in not a very ellegant way , but that is for later convenience.
ii) chargino diagram
Quark-squark-chargino interaction that is relevant for this paper reads
u squarks are rotated to their mass eigenstates in exactly the same way as the d squarks above, defining the Γ uR,L matrices. Contribution to the d quark self-energy from this interaction reads
..P L + p terms . U and V diagonalize the chargino mass matrix. The fact that one of their indices is 1 (2), traces back the wino (higgsino) interaction in the quark-squarkchargino vertex of the loop. Summation over A,B=1,2 is assumed. Explicit forms of the U and V matrices and further details about the notation can be found in ref. [9] . In order to derive the equation (1) one has to use the relations between the diagonalized and non-diagonalized mass and λ matrices, briefly mentioned at the beginning of this appendix. The vev of the scalar Higgs H d is added in order to pull out the mass matrix on the r.h.s. for future convenience and when combined with tanβ (which is pulled out into the ǫ) it yields (v u ) −1 in the final expression (3) given in the text.
